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Abstract
The energy and momentum for different cosmological models using
various prescriptions are evaluated. In particular, we have focused our
attention on the energy and momentum for gravitational waves and
discuss the results. It is concluded that there are methods which can
provide physically acceptable results.
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1 Introduction
The notion of energy has been one of the most thorny and important prob-
lems in Einstein’s theory of General Relativity (GR). There have been many
attempts [1,2,3] to get a well defined expression for local or quasi-local en-
ergy and momentum. However, there is still no generally accepted definition
known. As a result, different people have different points of view. Cooper-
stock [4] argued that in GR, energy and momentum are localized in regions
of the non-vanishing energy and momentum tensor and consequently grav-
itational waves are not carriers of energy and momentum in vacuum. The
gravitational waves, by definition, have zero stress-energy tensor. Thus the
existence of these waves was questioned. However, the theory of GR indicates
the existence of gravitational waves as solutions of Einstein’s field equations
[5]. Infact this problem arises because energy is not well defined in GR.
The problem for gravitational waves was resolved by Ehlers and Kundt
[6], Pirani [7] and Weber and Wheeler [8] by considering a sphere of test
particles in the path of the waves. They showed that these particles acquired
a constant momentum from the waves. Qadir and Sharif [9] presented an
operational procedure, embodying the same principle, to show that gravita-
tional waves impart a momentum. Rosen [10] investigated whether or not
cylindrical gravitational waves have energy and momentum. He used the
energy-momentum pseudo tensors of Einstein and Landau Lifshitz and car-
ried out calculations in cylindrical polar coordinates. However, he arrived at
the conclusion that the energy and momentum density components vanish.
These results supported the conjecture of Scheidegger [11] that physical sys-
tem cannot radiate gravitational energy. Later, he pointed out [12] that the
energy and momentum densities turn out to be non-vanishing and reason-
able if the calculations are performed in Cartesian coordinates. Rosen and
Virbhadra [13] explicitly evaluated these quantities in the Einstein’s prescrip-
tion by using Cartesian coordinates and found them finite and well defined.
Virbhadra [14] then used Tolman, Landau-Lifshitz and Papapetrou’s pre-
scriptions to evaluate the energy and momentum densities and found that
the same results turn out in all these prescriptions.
Energy and momentum density are usually defined by a second rank ten-
sor T ba . The conservation of energy and momentum are described by the
requirement that the tensor’s divergence is zero. However, in GR, the partial
derivative in the usual conservation equation T ba,b = 0 is replaced by a covari-
ant derivative. T ba then represents the energy and momentum of matter and
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all non-gravitational fields and no longer satisfies T ba,b = 0. A contribution
from the gravitational field must be added to obtain an energy-momentum
expression with zero divergence. Einstein obtained such an expression and
many others such as Landau and Lifshitz, Papapetrou and Weinberg gave
similar prescriptions [15]. The expressions they gave are called energy-
momentum complexes because they can be expressed as a combination of
T ba and a pseudotensor, which is interpreted to represent the energy and
momentum of the gravitational field. These complexes have been heavily
criticized because they are non-tensorial, i.e. they are coordinate depen-
dent. For the Einstein, Landau-Lifshitz, Papapetrou, Weinberg (ELLPW)
energy-momentum complexes, one gets physically meaningful results only
in Cartesian coordinates [16-18]. Because of this drawback, many others,
including Moller [18], Komar [19] and Penrose [1], have proposed coordi-
nate independent definitions. Each of these, however, has its own drawbacks
[20,21].
In this paper we gather various results to show that different prescrip-
tions can provide the same result for different cosmological models. Also,
we shall see from the analysis that when rotation is included, the problem
becomes considerably complicated and the results obtained may not be the
same. This has been explained by applying to a class of cylindrical gravita-
tional waves. The paper has been planned as follows. In the next section,
we shall describe different prescriptions to evaluate energy and momentum
densities. In section three, these methods will be applied to different cos-
mological models. The section four contains the evaluation of energy and
momentum for gravitational waves. Finally, we shall conclude the results.
2 Various Prescriptions to Evaluate Energy
and Momentum
In this section we describe different methods to calculate energy and momen-
tum in GR.
(i) Energy and Momentum in Einstein’s Prescription
The energy-momentum complex of Einstein [18,20] is given by
Θba =
1
16pi
Hbca ,c, (1)
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where
Hbca =
gad√−g [−g(g
bdgce − gcdgbe)],e, (2)
where Latin indices run from 0 to 3 and Greek indices from 1 to 3. Θ00 is
the energy density, Θα0 are the momentum density components, and Θ
0
α are
the components of energy current density. The Einstein energy-momentum
satisfies the local conservation laws
∂Θba
∂xb
= 0. (3)
(ii) Energy and Momentum in Landau-Lifshitz Prescription
The energy-momentum complex of Landau-Lifshitz [17] is given by
 Lab =
1
16pi
Sabcd,cd , (4)
where
Sabcd = −g[gabgcd − gacgbd]. (5)
Lab is symmetric in its indices. L00 is the energy density, L0α are the mo-
mentum (energy current) density components. Sabcd has symmetries of the
Riemann curvature tensor. The energy-momentum complex of Landau and
Lifshitz satisfies the local conservation laws
∂Lab
∂xb
= 0, (6)
where
Lab = −g(T ab + tab). (7)
g is the determinant of the metric tensor gab, T
ab is the energy-momentum
tensor of the matter and all non-gravitational fields, and tab is known as
Landau-Lifshitz energy-momentum pseudo tensor. Thus the locally con-
served quantity Lab contains contributions from the matter, non-gravitational
fields and gravitational fields.
(iii) Energy and Momentum in Papapetrou’s Prescription
The energy-momentum complex of Papapetrou [22] is given by
Ωab =
1
16pi
Nabcd,cd , (8)
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where
Nabcd =
√−g[gabηcd − gacgbd + gcdηab − gbdgac], (9)
and ηab is the Minkowski spacetime. Ω00 and Ωα0 are the energy and momen-
tum density components respectively. The Papapetrou energy-momentum
complex satisfies the local conservation laws
∂Ωab
∂xb
= 0. (10)
(iv) Energy and Momentum in Weinberg Prescription
The energy-momentum complex of Weinberg [23] is given by
W ab =
1
16pi
∆abc,c , (11)
where
∆abc =
∂hee
∂xa
ηbc − ∂h
e
e
∂xb
ηac − ∂h
ea
∂xe
ηbc +
∂heb
∂xe
ηac +
∂hac
∂xb
− ∂h
bc
∂xa
(12)
and
hab = gab − ηab. (13)
The indices on hab or
∂
∂xa
are raised or lowered with the help of η’s. The
Weinberg energy-momentum complex W ab contains contributions from the
matter, non-gravitational and gravitational fields, and satisfies the local con-
servation laws
∂W ab
∂xb
= 0. (14)
W 00 and W α0 are the energy and momentum density components respec-
tively.
(v) Energy and Momentum in Mo¨ller Prescription
The energy-momentum complex of Moller [18] is given by
M ba =
1
8pi
χbca,c, (15)
satisfying the local conservation laws:
∂M ba
∂xb
= 0, (16)
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where the antisymmetric superpotential χbca is
χbca =
√−g[gad,e − gae,d]gbegcd. (17)
M00 is the energy density and M
0
α are the momentum density components.
(vi) Energy and Momentum in Qadir-Sharif’s Prescription
The energy-momentum complex of Qadir-Sharif [9] is given by
pa =
∫
Fa, (18)
where
F0 = m[{ln(A/√g00)},0 − gαβ,0gαβ,0 /4A], Fi = m(ln
√
g00),α, (19)
and A = (ln
√−g),0, g = det(gαβ). This force formula depends on the
choice of frame, which is not uniquely fixed. The quantity, whose proper
time derivative is Fa, is called the momentum four-vector for the test particle.
The spatial components of pa give the momentum imparted to test particles
as defined in the preferred frame (in which g0α = 0).
3 Application to Various Cosmological Mod-
els
(i) Bianchi Type I Universes
The Bianchi type I spacetimes are expressed by the line element
ds2 = dt2 − e2ldx2 − e2mdy2 − e2ndz2, (20)
where l, m, n are functions of t alone. Using ELLPW prescriptions, it turns
out that energy-momentum distribution is zero. This supports the viewpoint
of Tyron [24].
(ii) Axially Symmetric Scalar Field
It is well known that the Kaluza-Klein and the superstring theories predict
the scalar fields as a fundamental interaction in Physics. Scalar fields are
fundamental components of the Brans-Dicke theory and of the inflationary
models. Also, they are a good candidate for the dark matter in spiral galaxies.
Because they interact very weakly with matter we have never seen one but
many of the theories containing scalar fields are in good concordance with
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measurements in weak gravitational fields. Also, we expect that they can
play an important role in strong gravitational fields like at the origin of the
universe or in pulsars or black holes. The metric that we consider [25,26] is
an axially symmetric solution to the field equations derived from the action
for gravity minimally coupled to a scalar field. The solution is
ds2 = (1− 2M
r
)dt2 − e
2ka
1− 2M
r
dr2 − r2(e2kadθ2 + sin2 θdφ2), (21)
with
e2ka = (1 +
M2 sin2 θ
r2(1− 2M
r
)
)
−1
a
2 , φ =
1
2a
ln(1− 2M
r
), (22)
where a is a constant of integration and φ is the scalar field. This solu-
tion is one of the new classes of solutions to the Einstein-Maxwell theory
non-minimally coupled to a dilatonic [26]. The metric given by Eq.(21) is
almost spherically symmetric and represents a gravitational body (gravita-
tional monopole) with scalar field. The scalar field deforms the spherically
symmetry. We observe that when a → ∞ we recover the Schwarzschild
solution.
When we apply Mo¨ller’s prescription, it yields
E =M. (23)
Thus the energy distribution is given by the mass M . In the case of the
Schwarzschild metric we obtain the same result.
(iii) Charged Regular Black Hole
The Reissner-Nordstrom (RN) metric is the only static and asymptot-
ically flat solution of the Einstein-Maxwell equations and it represents an
electrically charged black hole. The metric is given by
ds2 = A(r)dt2 − B(r)dr2 − r2(dθ2 + sin2 θdφ2), (24)
where
A(r) = B−1(r) = 1 +
2M
r
+
q2
r2
(25)
and q and M are the electric charge and the mass of the black hole respec-
tively.
A solution to the coupled system of the Einstein field equations of the
nonlinear electrodynamics was recently given by E. Ayon-Beato and A. Gar-
cia (ABG) [27]. This solution represents a regular black hole with mass M
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and electric charge q and avoids thus the singularity problem. Also, the met-
ric asymptotically behaves as the RN solution. The usual singularity of the
RN solution, at r = 0, has been smoothed out and now it simply corresponds
to the origin of the spherical coordinates. The line element is given by (24)
with
A(r) = B−1(r) = 1− 2M
r
(1− tanh( q
2
2Mr
)). (26)
If the electric charge vanishes we reach the Schwarzschild solution. At large
distances (26) resembles to the RN solution and can be written
A(r) = B−1(r) = 1 +
2M
r
+
q2
r2
+
q6
12M2r4
+O(
1
r6
). (27)
Using Einstein’s prescription, we get the energy distribution of the ABG
black hole given by
E(r) =M − q
2
2r
+
q6
24M2r3
− q
10
240M4r5
+O(
1
r6
). (28)
This can also be written as
E(r) = ERN (r) +
q6
24M2r3
− q
10
240M4r5
+O(
1
r6
). (29)
It follows that if q = 0 we have the energy of a Schwarzschild black hole. The
Mo¨ller’s prescription gives
E(r) =M − q
2
r
+
q6
6M2r3
− q
10
40M4r5
+O(
1
r6
). (30)
From Eq.(28) it results that in the Einstein prescription the first two terms
in the expression of the energy correspond to the Penrose quasi-local mass
definition evaluated by Tod [1,28]. The Mo¨ller’s prescription provides in the
expression of the energy (30) a term M − q2
r
which agrees with the Komar
[19] prescription.
(iv) Kerr-Newmann Metric
The stationary axially symmetric and asymptotically flat Kerr-Newmann
(KN) solution is the most general black hole solution to the Einstein-Maxwell
equations. This describes the exterior gravitational and electromagnetic field
of a charged rotating object. The KN metric in Boyer-Lindquist coordinates
(t, ρ, θ, φ) is expressed by the line element
ds2 =
∆
r20
[dt− a sin2 θdφ]2− sin
2 θ
r20
[(ρ2+ a2)dφ− adt]2− r
2
0
∆
dρ2− r20dθ2, (31)
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where ∆ = ρ2 − 2Mρ + q2 + a2 and r20 = ρ2 + a2 cos2 θ. M, q and a are
respectively mass, electric charge and rotation parameters. Aguirregabiria
et al. [29] studied the energy-momentum complexes of ELLPW for the KN
metric. They showed that these definitions give the same results for the
energy and energy current densities. This is given as
EELLPW =M − q
2
4ρ
[1 +
(a2 + ρ2)
aρ
arctan(
a
ρ
)]. (32)
Using Mo¨ller’s prescription, we have
EMo¨l =M − q
2
2ρ
[1 +
(a2 + ρ2)
aρ
arctan(
a
ρ
)]. (33)
The result of Mo¨ller’s agrees with the energy distribution obtained by Cohen
and de Felice [30] in Komar’s prescription. The second term of the energy
distribution differs by a factor of two from that computed by Aguirregabiria
et al. using ELLPW complex. The total energy (ρ→∞ in all these energy
expressions) give the same result M .
(v) Melvin’s Magnetic Universe
Melvin [31] obtained an axially symmetric electrovac solution (Ja = 0)
describing the Schwarzschild black hole in Melvin’s magnetic universe. The
spacetime is
ds2 = Λ2[(1− 2M
r
)dt2 − (1− 2M
r
)−1dr2 − r2dθ2]− Λ−2r2 sin2 θdφ2 (34)
and the Cartan components of the magnetic field are
Hr = Λ
−2B0 cos θ, Hθ = −Λ−2B0(1− 2M/r)1/2 sin θ, (35)
where
Λ = 1 +
1
4
B20r
2 sin2 θ. (36)
M and B0 are constants. The ELLP energy distribution gives
E =Mc2 +
1
6
B20r
3 +
1
20
G
c4
B40r
5 +
1
140
G2
c8
B60r
7 +
1
2520
G3
c12
B80r
9. (37)
The above result can be expressed in geometrized units (gravitational con-
stant G = 1 and the speed of light in vacuum c = 1) as follows
E =M +
1
6
B20r
3 +
1
20
B40r
5 +
1
140
B60r
7 +
1
2520
B80r
9. (38)
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The first term Mc2 is the rest-mass energy of the Schwarzschild black hole,
the second term 1
6
B20r
3 is the well-known classical value of the energy of the
magnetic field under consideration, and rest of the terms are general rela-
tivistic corrections. For very large B0r, the general relativistic contribution
dominates over the classical value for the magnetic field energy.
4 Application to Gravitational Waves
(i) Plane Gravitational Waves
The metric for the plane-fronted gravitational waves is [5,32]
ds2 = dt2 − dx2 − L2(t, x)[exp{2β(t, x)}dy2 + exp{−2β(t, x)}dz2], (39)
where L and β are arbitrary functions subject to the vacuum Einstein equa-
tions
L,αα + Lβ
2
,α = 0, α = 0, 1. (40)
Since L and β are functions of u = t − x, Eqs.(40) reduce to the single
equation
Luu + Lβ
2
u = 0. (41)
Using Qadir-Sharif procedure, we obtain
F0 = −m(L¨+ β˙2)L/L˙ = 0, Fi = 0, (42)
where a dot denotes differentiation with respect to t. Consequently the mo-
mentum four-vector becomes pa = constant. Thus there is a constant energy
and momentum. The constant, here, determines the strength of the wave.
This exactly coincides with the Ehlers-Kundt method in which they demon-
strate that the test particles acquire a constant momentum and hence a
constant energy, from the plane gravitational waves.
(ii) Cylindrical Gravitational Waves
To describe cylindrical gravitational waves one uses cylindrical polar co-
ordinates (ρ, θ, φ) and the time t, and one takes the line element in the form
[8]
ds2 = e2γ−2ψ(dt2 − dρ2)− ρ2e−2ψdφ2 − e2ψdz2, (43)
where γ = γ(ρ, t), ψ = ψ(ρ, t). To satisfy the Einstein field equations for
empty space one takes
ψtt − ψρρ − 1
ρ
ψρ = 0, (44)
10
γt = 2ρψρψt, γρ = ρ(ψ
2
ρ + ψt), (45)
where subscript denote partial derivatives. Using ELLP prescription, we
obtain the energy-momentum densities given by
Θ00 =
1
8pi
e2γ(ψ2ρ + ψ
2
t ), (46)
Θ01 =
1
4piρ
xψρψt, (47)
Θ02 =
1
4piρ
yψρψt, (48)
Θ10 = −e2γΘ01, (49)
Θ20 = −e2γΘ02, (50)
Θ30 = Θ
0
3 = 0. (51)
The energy density of the cylindrical gravitational waves is finite and positive
definite, and the momentum density components reflect the symmetry of the
spacetime.
(iii) A Class of Rotating Cylindrical Gravitational Waves
A class of solutions of the gravitational field equations describing vacuum
spacetimes outside rotating cylindrical sources is given by the line element
of the form [33]
ds2 = e2γ−2ψ(dt2 − dρ2)− µ2e−2ψ(ωdt+ dφ)2 − e2ψdz2, (52)
in the cylindrical coordinates (ρ, φ, z). Here the metric functions γ, µ, ψ and
ω depend on the coordinates t and ρ only. When ω = 0, the metric represents
spacetimes without rotation, in which the polarization of gravitational waves
has only one degree of freedom and the direction of polarization is fixed [5].
It is to be noticed that if we take ω = 0 and µ = ρ, the above metric reduces
to a special case of cylindrical gravitational waves [8]. Einstein’s vacuum
field equations for the metric form (52) are given by
(µψv)u + (µψu)v = 0, (53)
µuv − l
2
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µ−3e2γ = 0, (54)
ωv − ωu = lµ−3e2γ , (55)
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γu =
1
2µu
(µuu + 2µψ
2
u), (56)
γv =
1
2µv
(µvv + 2µψ
2
v), (57)
where ψu =
∂ψ
∂u
, etc. The subscripts u = t − ρ and v = t + ρ are retarded
and advanced times respectively. Here l is a constant length characteristic
of the rotation of the system which is positive and is specifically attributed
with rotating gravitational waves. For l = 0 we have ω = ω(t) from Eq.(55)
and µtt = µρρ from Eq.(54). A simple transformation to a rotating frame
reduces the waves to non-rotating generalized Beck spacetimes which have
been studied by many authors [32,34,35].
The energy and momentum densities in Einstein’s prescription are
Θ00 =
1
16piµ2ρ3
[µ2(−µ+ µρρ− 2µρρρ2 − µω2ρ2 − 2µωωρρ3 − µρω2ρ3) (58)
+ρ2(µ+ 2µγρρ− µρρ)e2γ − µ4ρ2(µω2ρ + µωωρρ
−2µωωργρ + 3µρωωρ)e−2γ ],
Θ01 =
1
16piρ5
[2µρ2γ˙x− 6µ˙x3 − 2µ˙ρ2x− 2µ˙ρρx3 − µω2ρy (59)
−µ2ρy(µωρ − µωρρρ+ 2µωργρρ− 3µµρωρρ)e−2γ ],
Θ02 =
1
16piρ4
[2µργ˙y − 2µ˙ρρ2y + µωρx− µωρρ2x− µρωρ2x (60)
+µ2x(µωρ − µωρρρ+ 2µωργρρ− 3µρωρρ)e−2γ ],
Θ10 =
1
16piµ2ρ3
[µ2(−µ˙x+ 2µ˙ρρx+ 2µωω˙ρ2x− 2µωγ¨ρ2y + 2µωργρρ2y (61)
−µωρρρ2y + 2µωγρρρ2y + µ˙ω2ρ2x+ 2µρωγρρ2y − 3µρωρρ2y
−2µρρωρ2y)− ρ2x(2µγ˙ − µ˙)e2γ + µ4ρx(µω˙ωρ
+µωω˙ρ − 3µωωργ˙ + 3µ˙ωωρ)e−2γ],
Θ20 =
1
16piµ2ρ3
[µ2(2µ˙ρρy + µωρρρ
2y − 2µωργρρ2y − 2µωγρρρ2y + 2µωω˙ρ2y(62)
+2µω˙γ˙ρ2x+ 2µωγ¨ρ2x+ µ˙ω2ρ2y + 2µ˙ωγ˙ρ2x+ 3µρωρρ
2y
−2µρωγρρ2y + 2µρρωρ2y)− ρ2y(2µγ˙ − µ˙)e2γ + µ4ρy(µω˙ωρ
+µωω˙ρ − 2µωωργ˙ + 3µ˙ωωρ)e−2γ],
12
Θ30 = Θ
0
3 = 0. (63)
Now for ω = 0 and µ = ρ, Eqs.(58)-(62) become the energy and momentum
densities of cylindrical gravitational waves given by Rosen and Virbhadra
[13].
The energy and momentum density components in Papapetrou’s prescrip-
tion is given by
Ω00 =
1
16piµ2ρ3
[µ2(−µ+ µρρ− 2µρρρ2 − µω2ρ2 − 2µωωρρ3 − µρω2ρ3) (64)
+(µρ2 + 2µγρρ
3 − µρρ3)e2γ ],
Ω01 =
1
16piµ2ρ3
[µ2(−µ˙x+ 2µ˙ρρx+ µωy − µωρρy − µωρρρ2y (65)
+2µωω˙ρ2x+ µ˙ω2ρ2x− µρωρy − 2µρωρρ2y
−µρρωρ2y)− ρ2x(2µγ˙ − µ˙)e2γ ],
Ω02 =
1
16piµ2ρ3
[µ2(µ˙y + 2µ˙ρρy + 2µωω˙ρ
2y + µ˙ω2ρ2y − µωx (66)
+µωρρx+ µωρρρ
2x+ µρωρx+ 2µρωρρ
2x
+µρρωρ
2x)− ρ2y(2µγ˙ − µ˙)e2γ],
Ω03 = Ω30 = 0. (67)
We see that for ω = 0 and µ = ρ, Eqs.(64)-(66) yield the same result as given
by Virbhadra [13].
(iv) Spherical Gravitational Waves
The gravitational waves with spherical wavefronts are given by the line
element of the form [36]
ds2 = e−M(dt2 − dρ2)− e−U(eV dz2 + e−V dφ2), (68)
where the metric functions U, V and M depend on the coordinates t and ρ
only. Einstein’s vacuum field equations imply that e−U satisfies the wave
equation
(e−U)tt − (e−U)ρρ = 0, (69)
and that V satisfies the linear equation
Vtt − UtVt − Vρρ + UρVρ = 0. (70)
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The remaining equations for M are
Utt − Uρρ = 1
2
(U2t + U
2
ρ + V
2
t + V
2
ρ )− UtMt − UρMρ = 0, (71)
2Utρ = UtUρ − UtMρ − UρMt + VtVρ. (72)
It is well known that, if Eqs.(69) and (70) are satisfied, the Eqs.(71) and (72)
are automatically integrable.
Using Qadir-Sharif prescription, we obtain
F0 = m[U˙ +
M¨ + 2U¨
M˙ + 2U˙
− 3U˙
2 + V˙ 2
M˙ + 2U˙
], F1 = −mM
′
2
, F2 = 0 = F3. (73)
The corresponding four-vector momentum will become
p0 = m[U + ln(M˙ + 2U˙)−
∫ 3U˙2 + V˙ 2
M˙ + 2U˙
dt] + f1(ρ), (74)
p1 = −m
2
∫
M ′dt+ f2(ρ), p2 = constant = p3. (75)
where dot denotes differentiation with respect to time and prime with respect
to ρ, f1 and f2 are arbitrary functions of ρ. Eqs.(74) and (75) provide the
general expression of the momentum four-vector for the gravitational waves
with spherical wavefronts. As we are interested in evaluating the momentum
imparted by gravitational waves we need to calculate the term p1. For this
purpose, we require the value of M .
The background region (t < ρ, Minkowski) is described by the solution
U = − ln t− ln ρ, V = ln t− ln ρ and M = 0. Substituting these values in
Eqs.(74) and (75), we have
p0 = m ln(−2/ρ) + f1(ρ), pα = constant. (76)
The quantity p0 can be made zero by choosing f1(ρ) = −m ln(−2/ρ) and
the momentum term pα will be zero for a particular choice of an arbitrary
constant as zero. Thus the four-vector momentum vanishes in the background
region (Minkowski) as was expected.
The solution on the wavefront (t = ρ) can be written in the form
U = −2 ln t, V = 0, M = 0. Using these values in Eqs.(74) and (75), it
follows that
p0 = m ln(−4) + f1(ρ), pα = constant. (77)
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We see that the momentum turns out to be constant which can be made zero
if we choose constant as zero.
The solution in the wave region (t > ρ) can be found by solving Eqs.(69)
and (70) and is given in the form [35,36]
U = − ln t− ln ρ, V = ln t− ln ρ+ V˜ (t, ρ). (78)
The case of a single component gives
V˜ (t, ρ) = ak(tρ)
kHk(
t2 + ρ2
2tρ
) (79)
for some k ≥ 1
2
and constant ak. In this case, M is given by
M =
1
2k
ak(t
2 − ρ2)(tρ)k−1Hk−1 − 1
2k
(tρ)2ka2k[k
2H2k −
(t2 − ρ2)2
4t2ρ2
H2k−1]. (80)
Notice that the dimension of ak is L
−2k. For the purpose of simplicity, we
take a special case when k = 1 for which M takes the form
M =
1
2
a1(t
2 − ρ2)H0 − 1
2
(tρ)2a21[H
2
1 −
(t2 − ρ2)2
4t2ρ2
H20 ], (81)
where H0 = ln(t/ρ), H1 =
1
2
[(t/ρ+ ρ/t) ln(t/ρ)− (t/ρ− ρ/t)]. After taking
derivative of M with respect to ρ, we substitute it in Eq.(75) and after a
tedious integration, we obtain
p1 = m
a1
4
[
2
3
(t3/ρ)− 6tρ+ 4tρ ln(t/ρ) + a1{1
5
(t5/ρ) +
2
27
t3ρ+ 5tρ3 (82)
−4(5
9
t3ρ+ tρ3) ln(t/ρ) +
4
3
t3ρ(ln(t/ρ))2}] + f2(ρ).
This gives the momentum imparted to test particles by gravitational waves
with spherical wavefronts. The quantity p1 can be made zero for the t → 0
limit by choosing f2 = 0. However, it immediately indicates the presence
of singularity when ρ = 0 and this singularity at ρ = 0 acts as a source
of the gravitational waves inside the wave region. This coincides with the
result evaluated by using Mo¨ller’s prescription [18]. This is a physically
reasonable expression for the momentum imparted by gravitational waves.
The interpretation of p0 in the eψN formalism is given elsewhere [37]. It can
also be shown that, near the wavefront as t→ ρ
V˜ ∼ ak(t + ρ)−1(t− ρ)1+2k, M ∼ (1 + 2k
2k
)ak(t− ρ)2k. (83)
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Using Eqs.(75) and (83), it follows that
p1 =
1
4k
m(1 + 2k)ak(t− ρ)2k + f2(ρ). (84)
This gives the momentum near the spherical wavefront. We see that for
a particular choice of f2, it reduces to the momentum expression given by
Eq.(77) on the wavefront. We remark that our results exactly coincide with
those evaluated by using Mo¨ller’s prescription for the background region and
on the wavefront. For the wave region, these two can be equated for a
particular choice of an arbitrary function f2. We have seen that in all the
three cases we obtain a physically reasonable expression for the momentum.
5 Discussion
It is usually believed that different energy-momentum complexes could give
different results for a given geometry . Keeping this point in mind, we have
applied various prescriptions to different cosmological models. We have also
extended this analysis to gravitational waves. For many spacetimes, it is
found that various methods could give the same result which is physically
well-defined.
The Bianchi type I metric gives zero energy-distribution in ELLPW pre-
scriptions. For the axially symmetric scalar field, using Mo¨ller’s method, the
energy distribution becomes the massM which coincides with the Schwarzschild
metric. We also obtain the physically interesting results for the charged reg-
ular black hole, KN metric and Melvin’s magnetic universe as given in the
analysis.
Further, we have evaluated energy and momentum distribution for gravi-
tational waves by different prescriptions. The Ehler-Kundt method gives the
physically reasonable result that plane gravitational waves impart a constant
energy and momentum to test particles in their path. However, it does not
provide a simple formula that can be applied to other cases. We have ob-
tained the same result using Qadir-Sharif formalism. For cylindrical gravita-
tional waves, using ELLP energy-momentum distribution, we have obtained
the similar and physically acceptable result. We have also calculated the
energy-momentum distribution for a class of cylindrical gravitational waves
using EP prescriptions. It can be seen that the energy and momentum den-
sities for a class of rotating gravitational waves are finite and well-defined in
16
both the prescriptions. It follows from Eqs.(58-63) and (64-67) that though
the energy-momentum complexes of Einstein and Papapetrou are not exactly
the same but are similar upto certain terms. However, it is interesting to note
that both the results reduce to the same energy and momentum densities of
a special case of cylindrical gravitational waves as given in [13,14].
Finally, we have applied the Qadir-Sharif prescription to spherical gravi-
tational waves. It is interesting to note that this provide physical acceptable
result. This result supports the result evaluated by using Mo¨ller’s prescrip-
tion. We can conclude that different prescriptions can provide the same
meaningful result.
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